A finite-energy static classical solution is obtained for standard Einstein gravity coupled to an 
I. INTRODUCTION
The classical spacetime emerging from a quantum-spacetime phase may very well have nontrivial structure at small length scales [1] [2] [3] . This nontrivial structure affects, in particular, the propagation of electromagnetic waves [4] . The question remains as to what the small-scale structure embedded in a flat spacetime really looks like (here, we do not consider intra-universe wormhole solutions which connect two asymptotically flat spaces [3] ).
Narrowing down the question, is it possible at all to have nonsingular localized finiteenergy solutions of the standard Einstein equations with an asymptotically flat spacetime? For one particular topology studied in Ref. [4] , it has been suggested [5] to consider an SO(3) Skyrme model coupled to gravity [6] [7] [8] [9] [10] [11] .
For this specific theory and topology, two nonsingular defect solutions have been found recently, a vacuum solution and a nonvacuum solution [12] . (Corresponding nonsingular black-hole solutions were presented in Refs. [13, 14] .) Both defect solutions of Ref. [12] are localized, but the one with a nonvanishing scalar SO(3) field has infinite energy and trivial topology (i.e., zero winding number or "baryon" number). It has been conjectured that this particular non-vacuum solution is unstable and decays to a Skyrmion-like defect solution (with unit winding number or "baryon" charge) by emitting out-going waves of scalars. Such a nonsingular Skyrmion defect solution is constructed in the present article.
II. THEORY
The setup of the theory has been described elsewhere in detail [12] [13] [14] [15] , but, for completeness, we recall the main steps.
A. Manifold
The 4-dimensional spacetime manifold considered in this article has the topology
The 3-space M 3 carries the nontrivial topology and is, in fact, a noncompact, orientable, nonsimply-connected manifold without boundary. Up to a point, M 3 is homeomorphic to the 3-dimensional real-projective space,
Adding the "point at infinity," gives the compact space M 3 ≃ RP 3 .
For the direct construction of M 3 , we perform local surgery on the 3-dimensional Euclidean space E 3 = R 3 , δ mn . Recall the standard Cartesian and spherical coordinates on
3 ) = (r sin θ cos φ, r sin θ sin φ, r cos θ) ,
with x m ∈ (−∞, +∞), r ≥ 0, θ ∈ [0, π], and φ ∈ [0, 2π). Now, we obtain M 3 from R 3 by removing the interior of the ball B b with radius b and identifying antipodal points on the boundary S b ≡ ∂B b . Denoting point reflection by P ( x) = − x, the 3-space M 3 is given by
where ∼ = stands for point-wise identification (Fig. 1) . A minimal noncontractible loop (with length πb in E 3 ) corresponds to half of a great circle on the r = b sphere in E 3 , taken between antipodal points which are to be identified. The single set of coordinates (2) does not suffice for an appropriate description of M 3 . The reason is that two different values of these coordinates may correspond to one point of M 3 . An example is given by the two sets of coordinates x = (0, b, 0) and x = (0, −b, 0), which describe the same point of M 3 .
A particular covering of M 3 uses three charts of coordinates, labeled by n = 1, 2, 3. The basic idea [5] is that the coordinates resemble spherical coordinates and that each coordinate chart surrounds one of the three Cartesian coordinate axes. These coordinates are denoted
In each chart, there is one polar-type angular coordinate of finite range, one azimuthaltype angular coordinate of finite range, and one radial-type coordinate with infinite range. Specifically, the coordinates have the following ranges: 
The different charts overlap in certain regions: see Appendix B of Ref. [14] for further details.
B. Fields and interactions
The spacetime manifold (1) of the previous section is now supplemented with a metric g µν (X), whose dynamics is taken to be governed by the standard Einstein-Hilbert action. In addition, we consider a scalar field Ω(X) ∈ SO(3) with self-interactions governed by a quartic Skyrme term in the action [6, 7] .
The combined action of the pure-gravity sector and the matter sector is given by (c = = 1)
in terms of the Ricci curvature scalar R and the definition ω µ ≡ Ω −1 ∂ µ Ω. The kinetic term of the scalar field involves the mass scale f . The Skyrme term corresponds to the trace of the square of the commutator [ω µ , ω ν ] and has dimensionless coupling constant 1/e 2 .
The SO(3) × SO(3) global symmetry of the matter sector is realized on the scalar field by the following transformation with constant parameters S L , S R ∈ SO(3):
where the central dot denotes matrix multiplication. The generic argument X of the fields and the measure d 4 X in the integral (6) correspond to one of the three different coordinate charts needed to cover M 4 .
C. Ansatz
A spherically symmetric Ansatz for the metric is given by the following line element:
and similarly for the chart-1 and chart-3 domains [14, 15] . The focus on chart-2 coordinates in (8) is purely for cosmetic reasons.
The scalar field is described by a Skyrmion-type Ansatz [5] [6] [7] ,
with a hedgehog term proportional to sin F and further terms involving the 3 × 3 unit matrix 1 1 3 and another matrix which reads in components (
The boundary condition (9b) at r ≡ | x| = b makes it possible to employ the single coordinate chart (2) . This observation relies on the following equality:
which gives the same scalar field Ω for antipodal points on the r = b sphere in R 3 , allowing these antipodal points to be identified in order to obtain M 3 . In order to match the coordinates used for the metric (8), we make the identification
and the explicit relations between x and (X 2 , Z 2 ) can be found in Refs. [14, 15] .
An alternative Ansatz based on Painlevé-Gullstrand-type coordinates [16] [17] [18] is presented in Appendix A.
D. Reduced field equations
At this moment, we introduce the following dimensionless model parameters and dimensionless variables:
y ≡ e f Y 2 , (11c)
Inserting the Ansatz of Sec. II C into the Einstein and matter field equations from the action (6) gives the corresponding reduced expressions [5, 8, 12] . From these equations written in terms of the dimensionless variables (11), we obtain the following three ordinary differential equations (ODEs): 
where the prime stands for differentiation with respect to w. The ODEs (12) are to be solved with the following boundary conditions:
The three boundary conditions at infinity provide for asymptotic flatness and the boundary condition F = π at the core gives a topologically nontrivial scalar field configuration, that is, a Skyrmion-like configuration with winding number unity. In fact, the winding number or topological degree of the compactified map Ω : M 3 → SO(3) turns out to be given by [5, 7] deg
where the endpoints of the integral on the right-hand side correspond to boundary conditions (13a).
III. NUMERICAL SOLUTION
In order to obtain the numerical solution corresponding to the Ansatz from Sec. II C, we have adopted the following procedure. The boundary condition on the three functions F (w), σ(w), and µ(w) are set at the defect core w = y 2 0 . Specifically, we take for certain initial values α, β, γ ∈ R. With these boundary conditions, the ODEs (12) are solved over w ∈ [y 2 0 , w max ] for sufficiently large values of w max . Next, the numbers α and β in (15) are varied in order to obtain vanishing F (w) and F ′ (w) at w = w max . The obtained function µ(w) can then be re-scaled in order to obtain at w = w max the Schwarzschild-type values
with a dimensionless length parameter l(w max ). Numerical results for the dimensionless gravitational coupling constant η = 1/20 and the dimensionless defect size y 0 = 1/ √ 2 are given in Figs. 2-4 . Several comments are in order. First, the results from the bottom row panels in Fig. 2 make clear that the solution is localized. Second, the middle and right panels of the top row in Fig. 3 show the Schwarzschild behavior (16) for w 100. Third, it appears that the energy-density T The present paper presents only exploratory numerical results, with the sole purpose of establishing the existence of at least one class of Skyrmion-like spacetime-defect solutions. More numerical work is clearly needed. For example, it remains to be seen if our nonsingular defect would have another branch of solutions (cf. Fig. 8 .7a in Ref. [5] ) where m(y 0 ) would have a genuine minimum for an intermediate value of y 0 , similar to that of the flat-spacetime non-gravitating solution with energy E flat (y 0 ); see the caption of Table I for further discussion
and Appendix B for the definition of the integral.
IV. DISCUSSION
In this article, we have succeeded in constructing a nonsingular localized finite-energy solution of the standard Einstein equations with an asymptotically flat spacetime. The particular topology is given in (1) and the matter content by a Skyrme model with action (6). The three crucial inputs for obtaining the solution are, first, a proper set of coordinates (Sec. II A), second, an appropriate Ansatz (Sec. II C), and, third, special attention to the behavior of the fields at the defect core for the numerical solution (Sec. III).
It remains to be proven that the obtained solution is stable, but we are moderately optimistic. This optimism is based on the fact that the scalar fields by themselves would be stable because of the topological charge (14) . Still, a rigorous proof for the stability of the self-gravitating solution would be most welcome. (Equally welcome would be a rigorous proof for the existence of the self-gravitating solution, as we have relied on a numerical solution of the reduced field equations.)
In Refs. [13, 14] , we have given a heuristic discussion how the corresponding nonsingular black-hole solutions could appear in physical situations of spherical gravitational collapse in an essentially flat spacetime with trivial topology. The scenario is that, when the central matter density becomes large enough, there is a quantum jump [1, 2] from the trivial is already present as a remnant from a quantum spacetime foam [15] .)
If a similar discussion applies to the case of the Skyrmion spacetime defect found in this paper, it can be conjectured that defects with the smallest possible value of the mass M would have the largest probability of occurring. For the branch of classical solutions shown in Table I , this would imply a preferred value of the defect size of approximately b ≡ y 0 /(ef ) ∼ 0.5/(ef ) for a mass of approximately M ≡ m f /e ∼ 100 f /e.
At this moment, we should mention that the metric (8) of the nonsingular defect solution does have a minor blemish [13, 15] : at W = b 2 , it cannot be brought to a patch of Minkowski spacetime by a genuine diffeomorphism (a C ∞ function) but only by a C 1 function. This may very well be the price to pay for having a nonsingular solution. The ultimate quantum theory of spacetime and gravity will determine which role (if any) these nonsingular defecttype classical solutions play for the origin of classical spacetime in the very early universe.
